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Let G be a finite graph in which each m-tuple of mutually distinct vertices is 
adjacent to exactly n other vertices. If  m > 3 then G is isomorphic to the complete 
m f  in graph. For completeness we state the friendship theorem of ErdGs, Renyi, 
and S6s and a theorem of Bose and Shrikhande, both of which deal with the 
case m = 2. 
1. THE FRIENDSHIP THEOREM 
In this paper a graph is undirected with no loops or multiple edges and is 
not empty. 
THEOREM 1 (ErdSs, Renyi, and Sbs). If G is a jinite graph with the 
property that every pair of distinct vertices is adjacent to exactly one other 
vertex, then G must consist of triangles joined at a common vertex. 
2. THE THEOREM OF BOSE AND SHRIKHANDE 
THEOREM 2 (Bose and Shrikhande). If G is a finite graph in which each 
pair of distinct vertices is adjacent to exactly n other vertices, n > 2, then G 
is regular of valence n1 such that v - 1 = n&z1 - 1)/n, where v is the number 
of vertices and there exists a positive integer d s.t. (i) n, = n + d2 and (ii) n/d 
is a natural number. 
3. THE CASE m > 3 
Let a be a vertex of a graph G. In the following, S(a) denotes the set of 
vertices of G adjacent to a. 
286 
Copyright 0 1977 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
VERTICES 287 
LEMMA. Let G be a finite graph in which each m-taple ofm~t~a~Iy c~~st~~~t 
vertices is adjacent to exactly n other vertices, m > 3, and A is a subset of 
the set of vertices of G such that A has cardinality r, m 2 r 2 1. The follow@ 
holds: 
fi(S(a):aEA) >/nfn-r. 
Proe?fI (By backward induction on r.) The case r = m is trivial. 
Let A be a subset of the set of vertices of G s.t. A has cardinahty I’ - i 1 
r 2 2, and b is a vertex not in A. A’ : = A u (b]. By the induction hypothesis 
j n (S(a): a E A’]/ 3 m + n - r. Choosing c E fl (S(a): a E A’) we have 
c f b and c$A. A” : = A v (c]. Applying the induction hypothesis again, 
1 (J (S(a): a E A”)] 3 m + n - r. Moreover, fJ {S(a): a E A’) f fi (S(a): a E A”). 
Hence i(j{S(a>:a~A)I >m+n-(r-1). 
THEOREM 3. Let G be a finite graph in which each m-tuple of rnut~a~~y 
distinct vertices is adjacent to exactly n other vertices, m > 3, then G is iso- 
morphic to the complete m + n graph. 
JpI’oof. Note if G is isomorphic to a complete r graph then r = m + n. 
Therefore it is enough to show that G is a complete graph 
First we consider n = 1. Let a and b be vertices of G, and {a, b) C A a 
subset of the set of vertices of G, s.t. A has cardinaiity m - 1. B : = fi {S(u): 
u E A). By the lemma, / B ; 3 2. For c, de B we have S(c) n S(d) = A. 
C : = A\,{aj. C* : = C u (c, d). It follows 1 C* / = m and n {S(U): u F C*) = 
(a]. Hence n is adjacent to b. 
In the case n > 1 we proceed by induction on ~2. Consider YT = 3 and 
assume that G is not a complete graph. Then there are distinct vertices a and b 
of G such that b 6 S(a). The subgraph of G induced by the elements of S(a) 
is a graph in which each pair of distinct vertices is adjacent to excatly y1 other 
vertices. Hence by Theorem 2, this graph is regular of valence n, = n + cl”, 
where qtl is a natural number, and has v = nr(q - 1)/n + I vertices. 
look at S’(a) n S(b). Put s : = ; S(a) n S(b) I. Choosing c E S(a) we have a, b, 
c adjacent to exactly n vertices of S(a) n S’(b). We conclude that all vertices 
of S(n) are adjacent to exactly n vertices of S(a) n S(b). Hence n(v - s) = 
(n + # - n)s. This implies s = nv/n + d2 = nl(nl - 1) + n/n + d’ = 
(n,- l)Ln!n + d2, which is not a natural number. We have met a contra- 
diction. Consider m = k + 1 > 3 and assume that G is not a complete 
graph. Then there are distinct vertices a and b s.t. 5 4 S(a). By the lemma we 
have / S(a) n S(b)1 > k + n - 1. Therefore we can choose S L S(a) CT S(b) 
s.t. i S ! = k L 1. The subgraph of G induced by the elements of S(a) is a 
graph in which each k-tuple of mutually distinct vertices is adjacent to exactly 
n other vertices. By the induction hypothesis this graph is isomorphic to 
the complete k + n graph. Hence the elements of S are adjacent to 11 - I 
vertices in S(a)\S and to a and to b. This, however, is a contradiction. 
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